REAL INTERPOLATION OF SOBOLEV SPACES ASSOCIATED TO 

A WEIGHT 



NADINE BADR 



Abstract. We study the interpolation property of Sobolev spaces of order 1 de- 
noted by y, arising from Schrodingcr operators with positive potential. We show 
that for 1 < pi < p < p2 < 90 with p > sq, W^y is a real interpolation space be- 
tween Y and y on some classes of manifolds and Lie groups. The constants 
So, 9o depend on our hypotheses. 
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1. Introduction 

In [2], the Schrodinger operator —A + V on M" with V G A^o, the Muckenhoupt 
class (see is studied and the question whether the spaces defined by the norm 

II/IIp + II |V/| lip + \\V^f\\p or (II |V/| lip + \\V^f\\p) interpolate is posed. In fact, it is 
shown that: 

ll|V/|||p+||V^/||p~||(-A + l^)^/||p 

whenever 1 < p < oo and p < 2q, f G C^(M"), where g > 1 is a Reverse Holder 
exponent of V. Hence the question of interpolation can be solved a posteriori using 
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functional calculus and interpolation of Lp spaces. However, it is reasonable to expect 
a direct proof. 

Here we provide such an argument with p lying in an interval depending on the 
Reverse Holder exponent of V by estimating the i^-functional of real interpolation. 
The particular case = 1 is treated in [B] (also V = 0). The method is actually valid 
on some Lie groups and even some Riemannian manifolds in which we place ourselves. 

Let us come to statements: 

Definition 1.1. Let M be a Riemannian manifold, V G A^. Consider fori <p< oo, 
the vector space E^ y of C°° functions f on M such that /, |V/| and Vf G Lp{M). 
We define the Soholev space Wpy{M) = W^y as the completion of E^y for the norm 

\\f\\wl, = \\f\\v+\\\^f\\\v+\\Vfh. 

Definition 1.2. We denote by vi^) ~ v space of all bounded Lipschitz 
functions f on M with ||l^/||oo < oo. 

We have the following interpolation theorem for the non-homogeneous Sobolev 
spaces Wp y-. 

Theorem 1.3. Let M be a complete Riemannian manifold satisfying a local doubling 
property (Dioc)- Let V G RHgioc for some 1 < g < oo. Assume that M admits a local 
Poincare inequality (Psioc) for some 1 < s < q. Then for l<r<s<p<q, Wpy is 
a real interpolation space between W^y and W^y. 

Definition 1.4. Let M be a Riemannian manifold, V G Aoo- Consider for 1 < p < oo, 
the vector space W^y of distributions f such that |V/| and Vf G Lp{M). It is well 
known that the elements ofW^y are in Lp^ioc- We equip W^y with the semi norm 

\\f\\wi, = \\\'^f\\\v+\\yf\\p- 

In fact, this expression is a norm since V G A^ yields V > Q ^ — a.e.. 

Definition 1.5. We denote vi^) ~ v space of all Lipschitz functions f 
on M with ||V"/||oo < oo. 

For the homogeneous Sobolev spaces Wp y, we have 

Theorem 1.6. Let M be a complete Riemannian manifold satisfying (D). Let V G 
RHq for some 1 < g < oo and assume that M admits a Poincare inequality (P,) for 
some 1 < s < q. Then, for l<r<s<p<q, Wpy is a real interpolation space 
between W}y and W^y. 

It is known that if K G RHq then \^ + 1 G RHq with comparable constants. Hence 
part of Theorem 11.31 can be seen as a corollary of Theorem II. 6[ But the fact that 
y + 1 is bounded away from also allows local assumptions in Theorem 11.31 which is 
why we distinguish in this way the non-homogeneous and the homogeneous case. 

The proof of Theorem 11.31 and Theorem 11.61 is done by estimating the i^-functional 
of interpolation. We were not able to obtain a characterization of the ii'-functional. 
However, this suffices for our needs. When q = oo (for example if is a positive 
polynomial on M") and r = s, then there is a characterization. The key tools to 
estimate the i^-functional will be a Calderon-Zygmund decomposition for Sobolev 
functions and the Fefferman-Phong inequality (see section 3). 
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We end this introduction with a plan of the paper. In section 2, we review the 
notions of doubhng property, Poincare inequahty, Reverse Holder classes as well as 
the real K interpolation method. At the end of this section, we summarize some 
properties for the Sobolev spaces defined above under some additional hypotheses on 
M and V . Section 3 is devoted to give the main tools: the Fefferman-Phong inequality 
and a Calderon-Zygmund decomposition adapted to our Sobolev spaces. In section 
4, we estimate the ii'-functional of real interpolation for non-homogeneous Sobolev 
spaces in two steps: first of all for the global case and secondly for the local case. We 
interpolate and get Theorem ll.3l in section 5. Section 6 concerns the proof of Theorem 
II. 6[ Finally, in section 7, we apply our interpolation result to the case of Lie groups 
with an appropriate definition of W^y. 

Acknowledgements. I thank my Ph.D advisor P. Auscher for the useful discussions on 
the topic of this paper. 

2. Preliminaries 

Throughout this paper we write 1^ for the characteristic function of a set E and 
E'^ for the complement of E. For a ball i? in a metric space, \B denotes the ball 
co-centered with B and with radius A times that of B. Finally, C will be a constant 
that may change from an inequality to another and we will use u ^ v io say that there 
exist two constants Ci, C2 > such that Ciu < v < C2U. Let M denotes a complete 
non-compact Riemannian manifold. We write /x for the Riemannian measure on M, 
V for the Riemannian gradient, | ■ | for the length on the tangent space (forgetting 
the subscript x for simplicity) and || ■ ||p for the norm on Lp{M,fi), 1 < p < +00. 

2.1. The doubling property and Poincare inequality. 

Definition 2.1. Let {M,d,fi) be a Riemannian manifold. Denote by B{x,r) the open 
ball of center x E M and radius r > 0. One says that M satisfies the local doubling 
property (Dioc) if there exist constants tq > 0, < C = C(ro) < 00, such that for all 
X G M, < r < vq we have 

(Dioc) /i(5(x,2r)) < C/i(5(x,r)). 

Furthermore, M satisfies a global doubling property or simply doubling property (D) 
if one can take tq = 00. We also say that fj, is a locally (resp. globally) doubling Borel 
measure. 

Observe that if M satisfies {D) then 

diam{M) < 00 ^ KM) < 00 (pLj). 

Theorem 2.2 (Maximal theorem). (\10\) Let M be a Riemannian manifold satisfying 
(D). Denote by M. the uncentered Hardy-Littlewood maximal function over open balls 
of M defined by 

Mf{x) = sup I/Ib 

B-.x&B 

where fE-=T fd^- '■= , „^ [ fdu. Then 
Je KE) Je 

1. /i({x : Mf{x) > A}) < f \f\dfi for every A > 0; 

2. \\Mf\\p<C4f\\p,forl<p<cK^. 
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2.2. Poincare inequality. 

Definition 2.3 (Poincare inequality on M). Let M be a complete Riemannian man- 
ifold, 1 < s < oo. We say that M admits a local Poincare inequality {Pgioc) "if 
there exist constants ri > 0, C = C(ri) > such that, for every function f G , 
and every hall B of M of radius < r < ri, we have 

(Psioc) -f \f- fsl'dfi < Cr^ / iV/r^/i. 

Jb Jb 

M admits a global Poincare inequality (P<j) if we can take ri = oo in this definition. 



Remark 2.4. By density of in W} , if (Psioc) holds for every function f G C^, 
then it holds for every f G . 

Let us recall some known facts about Poincare inequality with varying q. It is known 
that (Pqioc) implies (Ppioc) when p > q (see [H]). Thus, if the set of q such that (Pqioc) 
holds is not empty, then it is an interval unbounded on the right. A recent result from 
Keith-Zhong [20] asserts that this interval is open in [1, +oo[ in the following sense: 

Theorem 2.5. Let {X,d,fi) be a complete metric-measure space with fi locally dou- 
bling and admitting a local Poincare inequality (Pqioc), for some 1 < g < oo. Then 
there exists e > such that {X,d,fj,) admits (Ppioc) for every p > q — e (see [20] and 
section 4 in [6]j. 

2.3. Reverse Holder classes. 

Definition 2.6. Let M be a Riemannian manifold. A weight w is a non-negative 
locally integrable function on M. The reverse Holder classes are defined in the follow- 
ing way: w G RHq, 1 < q < oo, if there exists a constant C such that for every ball 
B CM 

(2.1) (J- w'^di^j ' <cj wdfi. 

The endpoint q = oo is given by the condition: w G RHoo whenever, for any ball B, 

(2.2) w{x) < C + w for ^ — a.e. x E B. 

Jb 

We say that w G RHqioc for some 1 < g < oo (resp. q = oo) if there exists r2 > 
such that ^2. ij) (resp. ^2. holds for all balls B of radius < r < r2. 
The smallest C is called the RHq (resp. RHqioc) constant of w. 

Proposition 2.7. 1. RH oo C RHq C RHp for 1 < p < q < oo. 

2. If w E RHq, 1 < q < oo, then there exists q < p < oo such that w G RHp. 

3. Aoo = Ul<g<oo-^-^9- 

Proof. These properties are standard, see for instance [H]. □ 

Proposition 2.8. (see section 11 in [2], [IS]^' Let V be a non-negative measurable 
function. Then the following properties are equivalent: 

1. V eAoo. 

2. For all r g]0,1[, V G RHi_. 

r 
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3. There exists r e]0, 1[, V E RHi. 

r 

Remark 2.9. Propositions 2.1 and \2.S\ still hold in the local case, that is, when the 
weights are considered in a local reverse Holder class RHgioc for some 1 < g < oo. 

2.4. The K method of real interpolation. The reader is referred to [7], [S] for 

details on the development of this theory. Here we only recall the essentials to be used 
in the sequel. 

Let Aq, Ai be two normed vector spaces embedded in a topological Hausdorff vector 
space V, and define for a E Aq + Ai and t > 0, 

K{a,t,Ao,Ai)= inf (||ao|Uo + lUJ- 

a=aQ-\-ai 

For 0<^<l,l<g<cxD, we denote by {Aq, Ai)0^q the interpolation space between 
Aq and Ai: 

{Ao, = |a G Ao + : \\a\\e,g = (^j^ {t~^K{a, t, Aq, A,)y < oo 

It is an exact interpolation space of exponent 6 between Aq and Ai, see [8] Chapter 
II. 

Definition 2.10. Let f be a measurable function on a measure space {X,fi). We 
denote by f* its decreasing rearrangement function: for every t > 0, 

f*{t)=M{X: f,{{x: \f{x)\>X})<t}. 

We denote by /** the maximal decreasing rearrangement of f : for every t > 0, 

r{t) = -Jj*{s)ds. 

It is known that {Mf)* ~ /** and : |/(x)| > f*{t)}) < t for all t > 0. We 
refer to [7], [8], [9] for other properties of /* and /**. 

To end with this subsection let us quote the following theorem (jl8j): 



Theorem 2.11. Let {X,fi) be a measure space where fi is a non-atomic positive 
measure. Take < po < pi < oo. Then 



K{f,t,L,,,L,,)r. I {f*{u)y'^du +t[ {f\u)rdu 



where - = 

a po pi 



2.5. Sobolev spaces associated to a weight V. For the definition of the non- 
homogeneous Sobolev spaces W^ y and the homogeneous one W^y see the introduc- 
tion. We begin showing that VF^^y and W^ y are Banach spaces. 

Proposition 2.12. y equipped with the norm 

\\f\\wl, = \\f Woo + \\\Vf\\U+\\Vf\U 

is a Banach space. 
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Proof. Let (/n)n be a Cauchy sequence in y. Then it is a Cauchy sequence in 
and converges to / in W^. Hence Vfn —>■ Vf fj, — a.e.. On the other hand, Vfn — > g 
in Loo, then fi — a.e. The unicity of the hmit gives us g = Vf. □ 



Proposition 2.13. Assume that M satisfies [D) and admits a Poincare inequality 
(Pg) for some 1 < s < oo and that V G A^o- Then, for s < p < oo, W^ y equipped 
with the norm 



VKV = ll|V/|||p+||V/||p 

p.V 



is a Banach space. 



Proof. Let be a Cauchy sequence in Wp y. There exist a sequence of functions 

(fl'n)n and a sequence of scalar (c„).„ with gn = fn — Cn converging to a function g in 
Lpioc and V(7„ converging to V^^ in Lp (see Moreover, since {V fn)n is a Cauchy 

sequence in Lp, it converges to a function h fi — a.e.. Lemma \3A] in section 3 below 
yields 



/ i\'^{fn-fn.)\'+\Vifn-fm)ndfi>CiB,V) [ \fn ' fn.\' 
J B J B 



d^ 

for all ball B of M. Thus, (/„)„ is a Cauchy sequence in Lg^ioc- Since (/„ — c„) is 
also Cauchy in Lg^ioc, the sequence of constants (c„)„ is Cauchy in Lj, and therefore 
converges to a constant c. Take / := g + c. We have + c = /„ — c„ + c — / in 
Lp^ioc- It follows that /„ — > / in Lp^^oc and so Vfn — ^ V^/ /i — a.e.. The unicity of the 
limit gives us h = V f. Hence, we conclude that / G Wp y and /„ — > / in Wpy which 
finishes the proof. □ 

In the following proposition we characterize the Wpy. We have 

Proposition 2.14. Let M be a complete Riemannian manifold and let V G RHgioc 
for some 1 < g < oo. Consider, for 1 < p < q, 

Hly{M) = Hly = {feLp: |V/| and Vf G Lp} 

and equip it with the same norm as Wpy. Then is dense in Hpy and hence 

Proof. See the Appendix. □ 

Therefore, under the hypotheses of Proposition [5TT31 Wpy is the set of distributions 
f & Lp such that |V/| and V f belong to Lp. 

3. Principal tools 

We shall use the following form of Fefferman- Phong inequality. The proof is com- 
pletely analogous to the one in M" ( see [22], [2]): 

Lemma 3.1. (Fefferman- Phong inequality) . Let M he a complete Riemannian man- 
ifold satisfying (D). Let w G A^o and 1 < p < oo. We assume that M admits also 
a Poincare inequality {Pp). Then there is a constant C > depending only on the 
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Aoo constant of w, p and the constants in (D), (Pp), such that for all ball B of radius 
R> and u G W^^^^ 

[ {\\/u\P + w\u\^)dfx>Cmm{R~P,WB) [ \u\Pdfi. 
Jb Jb 

Proof. Since M admits a {Pp) Poincare inequality, we have 

iVwI^cZ/i > — — — — f f \u{x) — u{y)\^diJ,{x)diJ,{y). 



5 ' ' " - RPfiiB) Jb Jb 



This and 

1 



lead easily to 



w\u\^dii = —— / w{x)\u{x)\^dii{x)d^{y) 
B kB) Jb Jb 



I {\Vu\^ + w\u\^)d^i>[mm{CR-P,w)]B I H^d^i. 
Jb Jb 



Now we use that w G A^o- there exists e > 0, independent of B, such that E = 
{x E B : w{x) > ewb} satisfies fi{E) > ^fi{B). Indeed since w G Aoo then there exists 
1 < p < oo such that w E Ap. Therefore, 



l^(B) - \ w(B) 

1 , 

We take e > such that Cep < ^. We obtain then 

[mm{CR-P,w)]B > ^mm{CR-P,ewB) > C mm{R-P,WB). 

This proves the desired inequality and finishes the proof. □ 

We proceed to establish two versions of a Calderon-Zygmund decomposition: 

Proposition 3.2. Let M be a complete non-compact Riemannian manifold satisfying 
{D). Let V G RHq, for some 1 < q < oo and assume that M admits a Poincare 
inequality (P^) for some 1 < s < q. Let f G Wp y, s < p < q, and a > 0. Then one 
can find a collection of balls {Bj), functions g G and hi G W^y with the following 
properties 



(3.1) f = 9 + J2^i 



(3.2) / T,gdfi<Ca'ifi{U,Bi) 

(3.3) suppfe, CS„ [ TAdi2<Ca'fi{B,) 

Jb, 

(3.4) J2f^iB.^<-p [ Tpfd^ 

^ Jm 

(3.5) <iV 



where N, C depend only on the constants in (D), (Pg), p and the RHq constant ofV. 
Denote T,/ = |/|" + |V/r + iVfl' /or 1 < r < oo. 



Proof. Let / G W^y, a > 0. Consider n = {x e M : MTsf{x) > a'}. If = 0, then 
set 

g = f, bi = for all i 

so that (13. 2p is satisfied thanks to the Lebesgue differentiation theorem. Otherwise 
the maximal theorem -Theorem 12.21 - and p > s give us that 

(3.6) l^{^)<^ [ TJdfi< oo. 

In particular f2 7^ M as fi{M) = 00. Let F be the complement of Q. Since Q is an 
open set distinct of M, let (Bi) be a Whitney decomposition of fl ([H]). That is, the 
balls are pairwise disjoint and there exist two constants C2 > Ci > 1, depending 
only on the metric, such that 

1. = UiBi with Bi = CiBi and the balls Bi have the bounded overlap property; 

2. Ti = r{Bi) = |(i(xj, F) and Xi is the center of Bf, 

3. each ball Bi = C2Bi intersects F {C2 = 4Ci works). 

For X E fl, denote = {i : x E Bi}. By the bounded overlap property of the balls Bi, 
we have that jj/x < A^. Fixing j G Ix and using the properties of the -Bj's, we easily 
see that |rj < Vj < 3rj for all i E Ix- In particular, Bi C 7Bj for all i E Ix- 

Condition (13.51) is nothing but the bounded overlap property of the i?j's and (13. 4p 
follows from (13.51) and (13.61) . Note that V G RHg implies G A^o because there 
exists e > such that V G RHq^^ and hence G RHi+l. Proposition 12.81 shows 
then that G RHi . Applying Lemma 13.11 we get 



(3.7) 



/ {\VfY + \Vmd^^>Cmm{y^^,r-^) I \fYd^^. 



We declare Bi of type 1 if V^. > r"'^ and of type 2 if V§. < r^'^ . One should read V^. 
as {y'^)B^ but this is also equivalent to (VeJ** since V G RHq C RHs- 

Let us now define the functions hi. Let {xi)i be a partition of unity of Vt sub- 
ordinated to the covering {Bi), such that for all i, Xi is a Lipschitz function sup- 

C 

ported in B^ with || |Vxi| ||oo < — • To this end it is enough to choose Xi{^) = 

ri 

^ Cid{xi,x) ^/'y-^ ^^ Cid{ k,x) ^\ ^ ^\^QYe i/j is a smooth function, i/j = 1 on [0, 1], 
^ = on [i^, +oo[ and < < L Set 



hi 



fXi if Bi of type 1, 
(/-/bJx. ifS^oftype2. 



Let us estimate Tghi dfi. We distinguish two cases: 
1. If -Bj is of type 2, then 

/ \h,\'dfi= [ \{f - f^Jx^\'d^I 

Jb, Jb, 



' Bi J B^ 



JBi 

Jb, 

< Ca'fi{B,) 

where we used that fl F 7^ and the property [D). The Poincare inequahty 
(Ps) gives us 

/ \Wh\'dfx <C I \Vf\'dfi 

JBi Jb, 

< CMTJ{y)fi{B,) 

< Ca'fi{Bi) 

as y can be chosen in F n B^. Finally, 

\Vk\'dfi= I \VU-fBM'dii 

Bi J Bi 

< f \vf\'df,+ [ \vfB^'d^, 

JBi JBi 

< {\VfnBAB^) +C{V^)BX\fnBAB^) 

<Ca>(fi,) + (|V/r + |y/r)^^/i(i?.) 

< Ca'fx{Bi). 

We used that -Bj fl F 7^ 0, Jensen's inequality and (13.71) . noting that Bi is of 
type 2. 
2. li Bi is of type 1, then 



f mdfi< I TJdfi + r-' f Ifl'dfi 

J Bi J Bi J Bi 



<C / TJdfi 

JB, 

< Ca'fi{Bi) 

where we used that B^ (1 F ^ ^ and that Bi is of type 1. 

Set now g = f — 'Ylii^ii where the sum is over balls of both types and is locally 
finite by ( 13. 5p . The function g is defined almost everywhere on M, g = f on F 
and g = "^^fB^Xi ^ where means that we are summing over balls of type 
j. Observe that g is a. locally integrable function on M. Indeed, let (f G L^o with 
compact support. Since d{x, F) > for x G supp bi, we obtain 

J '^\bi\\^\dfi< (^j X^^o^/^) sup(^d{x,F)\(f{x)\ 

i i 
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and 



f \f - fn^ , 



r,- 



J Bi 

< Cafi{Bi). 

We used the Holder inequahty, (P^) and that BiH F ^ 0, s' being the conjugate of s. 

Hence / < Cafi{il) snp(d{x, F)\(p{x)\]. Since / G Liioc, we conclude 

J ^ xeM^ ^ 

that g G Li^ioc- (Note that since 6 G Li in our case, we can say directly that g G Li^ioc- 
However, for the homogeneous case -section 5- we need this observation to conclude 
that g G Li ioc ) It remains to prove (13.21) . Note that Xi{^) = 1 and Vxj(a;) = 

i i 

for all X G r2. A computation of the sum ^ • Vfej leads us to 

Vg = {Vf)lF + Y,^fByx^■ 

By definition of F and the differentiation theorem, \Wg\ is bounded by a almost 
everywhere on F. It remains to control ||/i2||oo where /i2 = Xl^/si^Xi- Set hi = 
Yl,^ fsi'^Xi- By already seen arguments for type 1 balls, < Car^. Hence, \hi\ < 
^ 1_B,« < CNa and it suffices to show that h = hi + h2 is bounded by Ca. To 
see this, fix x G ^2. Let Bj be a Whitney ball containing x. We may write 



\h{x)\ 



J2UB.-fB,)Vx^{x) 



ieix 



<Cj2\fB.-fB,\rr\ 



Since Bi C 7Bj for all i & I^, the Poincare inequality (P^) and the definition of Bj 
yield 

|/B.-/Bj<Cr,((|V/r)7B,)'<Cr,a. 

Thus ||/i||oo < Ca. 

Let us now estimate Tqg dfi. We have 

/ i^?rrf^= / \{j2'fB.xi)\'dfi 

Jn Jai 

< CiVaV(^)- 

We used the estimate 

i\f\B.r<{\mB.<{MTJ)iy)<a^ 
as y can be chosen in P fl Bi. For iVg], we have 

/ \^g\1dfi= [ \h2\''dfi 

Jn Jq 

< CaV(fi)- 
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Finally, since by Proposition 12.81 G RHi, we get 

s 

[ V'^\g\'^df,<Y,' [ VVB^l'df, 
Jn J Bi 

By construction of the type 2 balls and by (13.71) we have V^.I/sJ"* < ^sd/n-B, — 
C{\VfY+\VfY)B, < Ca'. Then /^\/9|^|<?^^ < C^^a'^jj{Bi) < NCain(n). 

To finish the proof, we have to verify that g G W^y. For that we just have to 
control jp TqQ dfi. As g = f on F, this readily follows from 

Tjdfi = J^{\f\^ + \vf\''+\vmdfi 

< [ iimfr' +\'^imfr' +\vmvfrndfi 

Jf 



p,V 

□ 

Remark 3.3. 1-It is a straightforward consequence from 1^3. 3\} that bi G W^y for all 
1 <r < s with ll&illiyi^ < Can{Bi)r . 

2-The estimate jpT^gd^x above is too crude to be used in the interpolation argument. 
Note that /13.B) only involves control ofTqg on fl = UiBi. Compare with I13.9\) in the 
next argument when q = oo. 

Proposition 3.4. Let M be a complete non-compact Riemannian manifold satisfying 
{D). Let V G RHao and assume that M admits a Poincare inequality (Pg) for some 
1 < s < oo. Let f G Wp y, s < p < oo, and a > 0. Then one can find a collection of 
balls (Bi), functions bi and a Lipschitz function g such that the following properties 
hold: 

(3.8) f = g + J2b^ 

i 

(3.9) ll^ll^i < Ca 

oo, V 

(3.10) supp bi C Bi,\/1 <r < s / TA dfi < Ca''fi{Bi) 

JBi 

(3.11) / ^pf'^^' 

(3.12) 



where C and N only depend on the constants in {D), [Ps), p and the RHoo constant 
ofV. 
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Proof. The only difference between the proof of this proposition and that of Proposi- 
tion [3l2] is the estimation (13. 9p . Indeed, as we have seen in the proof of Proposition 
13.21 we have {Vgl < Ca almost everywhere. By definition of F and the differentiation 
theorem, (1(71 + \ Vg\) is bounded by a almost everywhere on F. We have also seen 
that for all i, < a. Fix x & Q, then 

1^(^)1 = I E/^«i 

< Na. 

It remains to estimate l^t^Kx). We have 

\V9\{x)<J2LeByi^)\fB.\ 

<cJ2L^BM'^f\' + \vfnl 

< NCa 

where we used the definition of RH^, and Jensen's inequahty as s > 1. We used also 
(13.71) and the bounded overlap property of the i?i's. □ 

4. Estimation of the i^-FUNCTioNAL in the non-homogeneous case 

Denote for 1 < r < oo, = \fY + \V fY + \V fY . T„/ = |/|" + |V/|" + 1^/1", 
T„J = I/I"* + |V/|"* + \VfY*\ We have tT„J(t) = jlTrJ{u)du for all t > 0. 

Theorem 4.1. Under the same hypotheses as in Theorem \1.3\. with V G RHooioc o,nd 
1 < r < s < oo: 

1. there exists Ci > such that for every f G W^y + y and t > 

K{f,t^,Wly,Wly) > Ci (^j^TrJiu)duy ~ (tT„J(t))h 

2. for s < p < oo, there is C2 > such that for every f G Wp y and t > 

K{f, t^,W,]y, W^y) < C^t-r {T,,J{t))^ . 

In the particular case when r = s, we obtain the upper bound of K for every f G 
W}y + Wl^ y and get therefore a true characterization of K. 

Proof. We refer to [6] for an analogous proof. □ 

Theorem 4.2. We consider the same hypotheses as in Theorem \1.3\ with V G RHqioc 
for some 1 < g < 00. Then 

1. there exists Ci such that for every f G W^y + W^y and t > 

Kif,t,Wly,Wly) > Cl (^^r(T,^jfr{tf^r)+t(^jZ^ TrJ{u)dU 
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2. for s < p < q, there is C2 such that for every f G Wpy and t > 
K{f,t,Wly,Wly) < C2 (^t^{T,,J)ht'^)+tQZ_ {MTjy' {u)du^ 

Proof. In a first step we prove this theorem in the global case. This will help to 
understand the proof of the more general local case. 

4.1. The global case. Let M be a complete Riemannian manifold satisfying (D). 
Let V G RHg for some 1 < g < 00 and assume that M admits a Poincare inequality 
(Pg) for some 1 < s < g. The principal tool to prove Theorem 14.21 in this case will be 
the Calderon-Zygmund decomposition of Proposition 13.21 

We prove the left inequality by applying Theorem 12.111 with Pq = r and Pi = q 
which gives for all / G + Lg: 



K{f, t, U, L,) ~ l^j^ f*'{u)du^ + t (^jZ^ f*'{u)du^ " . 

Moreover, we have 

t, W^y, Wly) > K{f, t, U, L,) + K{\Vf\,t, U, L,) + K{Vf, t, U, L, 
since the operator 

(/, V, V) : W^y Li{M; CxTMx C) 

is bounded for every 1 < / < 00. 
Hence we conclude with 

^ T,J{u)du\ +Ct(^J^^TgJ{u)du 

We now prove item 2. Let / G W^y, s < p < q and t > 0. We consider the 
Calderon-Zygmund decomposition of / given by Proposition 13.21 with a = a(t) = 

X qr 

{J\4Tsf)*~{t~^). Thus / can be written as f = b + g with b = J^bi where g 

i 

satisfy the properties of the proposition. For the Lr norm of b we have 

ii&ii;< / Ei&.ir^/^ 

<nJ2 [ \bi\"dfi 

i 

< NCa'{t)ij{nt). 

This follows from the fact that ^^XSi ^ ^ ^^'^ Qt = Q = [jBi. Similarly we 

i ' 
get II |V6| 11; < and \\Vb\\; < Ca''{t)fi{Qt)- For g we have \\g\\w\ < 
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Ca(t)fi{Qt)'^ + ^ Tgfdiij where Ft = F in the Proposition 13.21 with this choice of 
a. 

Moreover, since (Mf)* ~ /** and (/ + g)** < /** + g**, we obtain 

ait) = (MTjyHt^) < C(r,„/)^(t^). 

qr 

Notice that for every t > 0, ^{flt) < It comes that 

(4.1) K{f, t, W,]y, W^y) < Ct^{T,„fy-{t^) + Ct (^j^ TJdfi^ ' . 

Let us estimate J^,^ Tqfdfi. Consider Et a measurable set such that 
ntCEtc{x: MTJix) > (MTJYit^)] 



in 

-t1- 



and fi{Et) = t~- . Remark that j^^{MTJYdfi = £ {MTsfy\u)du for / > 1 -see 
Chapter V, Lemma 3. 17-. Denote Gt '■= Et — Qf Then 



Tgfdn= / Tqfdn+ / Tgfdfx 

Je^ JGt 

<C r{MTjY<u)du + C I {T,,J)Ht^)dfi 

Jti-^ JGt 

POO 

< C ^iMTjri(u)du + CfiiEt)iT,.J)Ht^) 

POO 

(4.2) =C liMTsfyHu)du + Ct^{Ts,J)Ht^). 

Combining (14. ip and (14.21) we deduce that 

J. 

which finishes the proof in that case. 

4.2. The local case. Let M be a complete non-compact Riemannian manifold sat- 
isfying a local doubling property (Dioc)- Consider V G RHgioc for some 1 < g < oo 
and assume that M admits a local Poincare inequality {Pgioc) for some 1 < s < g. 

Denote by TVI^; the Hardy-Littlewood maximal operator relative to a measurable 
subset E of M, that is, for x & E and every / locally integrable function on M: 

MEf{x) = sup \ I \f\dfi 

B-.x&B /i(,-D I I -fcj JBr\E 

where B ranges over all open balls of M containing x and centered in E. We say 
that a measurable subset E of M has the relative doubling property if there exists a 
constant Ce such that for all x G -E and r > we have 

n{B{x, 2r) nE) < CEf^{B{x, r)nE). 

This is equivalent to saying that the metric measure space {E, d/E, fi/E) has the dou- 
bling property. On such a set A^e is of weak type (1, 1) and bounded on L^^E, /i), 1 < 
p < oo. 
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We now prove Theorem 14.21 in the local case. To fix ideas, we assume ro = 5, ri 
r2 = 2. The lower bound of K in item 1. is trivial (same proof as for the global case). 
It remains to prove the upper bound. For all t > 0, take a = a{t) = (AdTsf)*^ (t'^ 

Consider 

n = {xEM : MTJ{x) > a'{t)} . 
We have fi{n) < . If = M then 



/ Trf dfl = 


/ 




1 M 


Jn 




< 


C 


/ TrJil)dl 

lo 

qr 


< 


C 


f TrJ{l)dl 


< 


Ct 


qr 1 (}'>' 



Therefore 

since r < s. We thus obtain item 2. in this case. 

Now assume Q ^ M. Pick a countable set {xj} ■ j C M, such that M = [J B{xj, |) 

and for all x G M, x does not belong to more than A^^i balls := B{xj, 1). Consider 
a C°° partition of unity {ipj)j^j subordinated to the balls ^B^ such that < < 1, 
supp (fj C B^ and || |V<^j| ||oo < C uniformly with respect to j. Consider / G Wpy, 
s < p < q. Let fj = fipj so that / = X^jeJ /?• have for j G J, /j, l^/j G Lp and 
V/j = fV<^j + Vf^j G Lp. Hence fj G The balls B^ satisfy the relative 

doubling property with the constant independent of the balls BK This follows from 
the next lemma quoted from [3] p. 947. 

Lemma 4.3. Let M he a complete Riemannian manifold satisfying (Dioc)- Then the 
balls B^ above, equipped with the induced distance and measure, satisfy the relative 
doubling property (D), with the doubling constant that may be chosen independently 
of j . More precisely, there exists C > such that for all j G J 

(4.3) fi{B{x,2R)r]B^) <C i2{B{x,R)nB^) Vx G 5^ i? > 0, 
and 

(4.4) /i(5(x, R)) < Ci2{B{x, R) n B^) Vx G 5^ < i? < 2. 
Let us return to the proof of the theorem. For any x G B^ we have 

MbjTJj{x) = sup J' I Tsfjdfi 

ii{B) 1 [ 

B:x&B,R{B)<2 KB^^B)fl{B)JB 

(4.5) < CMTJix). 

where we used (14.41) of Lemma 14. 3[ Consider now 

fi. = {a; G B^ : Mb^TJ^{x) > Ca'{t)} 
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where C is the constant in (14. 5p . The set Vlj is an open subset of then of M and 
Vlj C VL for all j G J . For the //s, and for all t > 0, we have a Calderon-Zygmund 
decomposition similar to the one done in Proposition [3]2) there exist hjk, Qj supported 
in , and balls {Bjk)k of M, contained in flj, such that 

(4-6) fj=9j + J2^jk 

k 

(4.7) / T,g,dfi<Ca'^{t)fi{n,) 

(4.8) supp bjk C Bjk,\/1 < r < s / Trhjkd^ < Ca''{t)^,{Bjk) 

(4.9) 5^/i(i?,fc) <Ca-*'(t) / Tp/,rf/x 

(4.10) Y.^B,,<N 

k 

with C and depending only on g, p and the constant C(ro), C(ri), C(r2) in (Aoc) 
and (Psioc) and the RHgioc condition of V^, which is independent of B^ . 
The proof of this decomposition is the same as that of Proposition 13. 2^ taking for all 
J e J a Whitney decomposition {Bj^j^ of Vtj ^ M and using the doubling property 
for balls whose radii do not exceed 3 < tq and the Poincare inequality for balls whose 
radii do not exceed 7 < ri and the RHqioc property of V for balls whose radii do not 

exceed 1 < r2. By the above decomposition we can write / = J2J2bjk+J2 9j = b+g. 

jej k jeJ 

Let us now estimate ||fe||vi/i and llfifHiyi 



\\brr<N,Nj2T.\Mr 

j k 
j k 

<NCa^{t)(j2K^i. 

j 

< NiCa'{t)fi{n). 

We used the bounded overlap property of the {Qj)j<^js and that of the (i?jfc)fc's for all 
j e J. It follows that II 6 II,. < Ca{t)fi{Q)r. Similarly we get || |V6| < Ca{t)fi{Q)r 
and ||l^6||, < Ca{t)fi{n)k 
For g we have 

/ \g\''df,<Nj2 I \9^'d^^ 
Jn J JQ.J 

< NCa\t)^ii{yLj) 

j 

< NiNCa\t)^i{n). 
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Analogously \Vg\''dfi < Ca'^{t)^{Q) and |F^|^c?/i < Ca''(t)/x(n). Noting that 
g G -same argument as in the proof of the global case-, it follows that 

K{f,t,Wly,Wly) < \\b\\w}+t\\g\\w^. 

1 

< +Cto(t)/i(fi)t +t ( I Tgfdfx'" 

< Ct^iT,^J)Ht^)+t(^jZ^iMTjyi(u)dn}j ' . 
Thus, we get the desired estimation for / G W^ y. □ 

5. Interpolation of non-homogeneous Sobolev spaces 

Proof of Theorem \1.3[ The proof of the case when V G RHooioc is the same as the 
one in section 4 in [6]. Consider now V G RHgioc for some 1 < g < oo. For 1 < r < 
s < p < q, we define the interpolation space Wp^^y^M) = W^^.^ y between W}y and 

We claim that = with equivalent norms. Indeed, let / G Wp,^gy. We 

have 

^ =< I Up(^-'-)K(/,t,M/,>,M/,>j I - 

p(q-r) [ J n \ /I 

p dt}p 



> 



( q{r~p) T ,\P at 

(t^K{f,t,W^y,Wly)) - 

li^-p) q 1 , qr- \P (It 

tP(.-ot^(T„J)-(t^)j -J 

oo 

t^-\Tr.,jfr{t^r)dt 



{T„J)r{t)dt 

> iir**ii; + iiiv/r**ii^ + iiiv^/r**ii 

r r 

~iiriit + iiiv/riit + iiiy/i 



1 

r 
E 
r 

1 



where we used that for / > 1, ||/**||/ ~ ||/||«- Therefore W^^^y C W^y, with 

11/11^, >c^ll/lk,v- 

On the other hand, let / G W^y. By the Calderon-Zygmund decomposition of 
Proposition ESI / G W}y + Wly. Next, 



qip — r) 

p{q-r) 



,P dt) p 



ijr-p) q 1 qr \P at 

«.(,-.)«— (r„,/):(«—)j - 



17 



= 1+11. 

Using the same computation as above, we conclude that 



KC 



< CWfWw^y 



It remains to estimate II. We have 
IKC 



9(' — P) „ 



{MTjyHu)du]' J 



< c 



< c 



p 

t 9 



p 



uiMTsfT^u] 



-) 

u{MTjrHu)y^'^ dt 



< 



c 



1-2 



1 P 

rHt{r^~\MTsfrHt)))dt\ 



= C\\{MTjy\\l 

s 

<C\\MTJ\\i 

s 

<C\\TJ\\I 
<C\\f\\wl 



We used the monotonicity of (AiTsf)* together with ^ < 1, the following Hardy 
inequality 



g{u)du 



t^~^dt < 



[ug{u)] u du 



for / = 1 — £ > 0, the fact that \\g*\\i ~ \\g\\i for all / > 1 and Theorem 12.21 Therefore, 



W^.r C V with 

p,V p,r,q,V 



J{PZ4 „ < C'll/IUpi^,- 



p(g-r) ' 



□ 



Let Ay = {q e]l,oo] : V e RHqi^c] and = sup Ay, Bm = {s E [1, go[: {Psioc) holds } 
and So = inf Bm- 

Corollary 5.1. For all p, pi, p2 such that I < Pi < p < P2 < qo with p > Sq, W^ y is 
a real interpolation space between Wp^ y and Wp^ y. 

Proof. Since p2 < qo, item 1. of Proposition 12.71 gives us that V G RHp^ioc- There- 
fore, Theorem 11.31 yields the corollary. (We could prove this corollary also using the 
reiteration theorem.) □ 

6. Interpolation of homogeneous Sobolev spaces 

Denote for 1 < r < 00, tf = | V/r + \Vf\% tj = | V/l" + \Vfr and t„ J = 
|yy|r** _|_ the estimation of the functional K for homogeneous Sobolev 

spaces we have the corresponding results: 
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Theorem 6.1. Under the hypotheses of Theorem \l.(A with q < oo: 
1. there exists Ci such that for every f G W^y + W^y and t > 



1 

qr — 



/ \ r 1 



TrJ{u)du +t{ I^TgJ{u)du 
/ 



K{f,t,W,]y,Wly)>Cl 

2. for s < p < q, there exists C2 such that for every f G W^y and t > 

K{f,t,W^y,Wly) < C2 I 1^^* tj{u)d^ {mTj)*' {u)du^ 

Theorem 6.2. Under the hypotheses of Theorem \l.b\ with V G RH^o: 

1. there exists Ci such that for every f G W^y + y and t > 

K{f,t'-,W,\y,W^y)>C,tHfr.J)Ht); 

2. for s < p < 00, there exists C2 such that for every f G W^ y and every t > 

K{f,tKWr,v,^Ly) < C2tHTs*J)Ht)- 

Before we prove Theorems 16.11 16.21 and 11.61 we give two versions of a Calderon- 
Zygmund decomposition. 

Proposition 6.3. Let M be a complete non-compact Riemannian manifold satisfying 
{D). Let 1 < g < 00 and V G RHg. Assume that M admits a Poincare inequality 
(Ps) for some 1 < s < q. Let s < p < q and consider f G W^y and a > 0. Then 
there exist a collection of halls {Bi)i, functions hi G W}y for 1 <r < s and a function 
g G W^y such that the following properties hold: 

(6.1) f = g + J2b^ 

i 

(6.2) / fqgdn<Ca'^n{UiBi) 

(6.3) supp hi C Bi and VI < r < s / Trh dfi < Ca'''fi{Bi) 

(6.4) J]/x(5,) <C«-^' f fpfdfi 

(6.5) J^XB. <iV 



with C and N depending only on q, s and the constants in (D), (Pg) and the RHg 
condition. 
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Proposition 6.4. Let M be a complete non-compact Riemannian manifold satisfying 
{D). Consider V G RH^. Assume that M admits a Poincare inequality (Pg) for 
some 1 < s < oo. Let s < p < oo, f E W^y and a > 0. Then there exist a collection 
of halls {Bi)i, functions hi and a function g such that the following properties hold : 

(6.6) f = g + Y,b^ 

i 

(6.7) Tig < Ca /i — a.e. 

(6.8) supp hi C Bi and VI < r < s / Trhidfu, < Co'' ^{Bi) 

Jb, 

(6.9) $^/i(5,) <Ca"P I fpfdfi 

i 

(6.10) E^^^^^ 

i 

with C and N depending only on q, p and the constant in (D), (P^) and the RHoo 
condition. 

The proof of these two decompositions goes as in the case of non- homogeneous 
Sobolev spaces, but taking f2 = |x G Af : MTsf{x) > a^^j as ||/||p is not under con- 
trol. We note that in the non-homogeneous case, we used that / G only to control 
h G Lj. and g G Loo when V G RHoo and \g\'^dfi when V G RHq and q < oo. 

Proof of Theorem \6.1\ and \6.B, We refer to [6] for the proof of Theorem 16.21 The proof 
of item 1. of Theorem 16.11 is the same as in the non- homogeneous case. Let us turn 
to inequality 2. Consider / G W^y, t > and a{t) = {MTsfY^t^). By the 
Calderon-Zygmund decomposition with a = a{t), f can be written f = h + g with 
ll^llvi/i^ < Ca(t)/i(fi)r and j^Tqgd^ < Ca^{t)ii{Vt). Since we have /i(f2) < t?-^, we 
get then as in the non-homogeneous case 



K{f,t,Wly,Wly) < Ct^ it* J)Ht'^)+Ct [ l^{Mfjy^u)du 



□ 



Proof of Theorem \1.6i . We refer to [6] when q = oo. When q < oo, the proof follows 
directly from Theorem 16.11 Indeed, item 1. of Theorem 16.11 gives us that 

with 11/11 ryi < C\\f\\ q(p-r) ,whileitem2. gives us as in section 5 for non-homogeneous 
Sobolev spaces, that 

With 11/11^ <C||/||^i □ 

Let Ay = {g g]1, oo] : V G RH^} and go = sup Ay, Bm = {s G [1, go[: (Ps) holds } 
and So = inf Bm- 

20 



IS 



Corollary 6.5. For all p, pi, p2 such that 1 < pi < p < P2 < <lo with p > sq, W^^ 
a real interpolation space between W^^ y and W^^ y. 

7. Interpolation of Sobolev spaces on Lie Groups 

Consider G a connected Lie group. Assume that G is unimodular and let dfi be a 
fixed Haar measure on G. Let Xi, ...,Xk be a family of left invariant vector fields such 
that the Xj's satisfy a Hormander condition. In this case the Carnot-Caratheodory 
metric p is a true metric is a distance, and G equipped with the distance p is complete 
and defines the same topology as the topology of G as manifold (see [12] page 1148). 
It is known that G has an exponential growth or polynomial growth. In the first case, 
G satisfies the local doubling property (Dioc) and admits a local Poincare inequality 
{Piioc)- In the second case, it admits the global doubling property (D) and a global 
Poincare inequality (Pi) (see [12], [16], [21], [21] for more details). 

Definition 7.1 (Sobolev spaces Wp y). For 1 < p < oo and for a weight V G Aoo, we 
define the Sobolev space W^y as the completion of G°° functions for the norm: 



where \Xf\ = (^li \X^f\'' 



Definition 7.2. We denote by y the space of all bounded Lipschitz functions f 
on G such that ||\^/||oo < oo which is a Banach space. 

Proposition 7.3. Let V G RHqioc for some 1 < g < oo. Consider, for 1 < p < q, 

Hly = {feL,: |V/| andVfeL,} 
and equip it with the same norm as W^y. Then as in Proposition \2. 14\ in the case of 



Riemannian manifolds, C^ is dense in H^ y and hence W^ y = H^ y. 

Interpolation of W^p^^: Let V G RHqioc ^oi some 1 < g < oo. To interpolate the 
y, we distinguish between the polynomial and the exponential growth cases. If G 
has polynomial growth and V G -R-ffg, then we are in the global case. Otherwise we 
are in the local case. In the two cases we obtain the following theorem: 

Theorem 7.4. Let G be a connected Lie group as in the beginning of this section 
and assume that V G RHqioc with 1 < g < oo. Denote Tif = \f \ + \X f\ + \Vf\, 

Trj = i/r* + \xfr + \vfr m i < r < oo. 

a. If q < oo, then 

1. there exists Ci > such that for every f G W^y + W^ y and t > 



K{f,t,Wly,Wly)>cA(j^ Tuf{u)du\ +t(^j^^TqJ{u)du 




2. for I < p < oo, there exists G2 > such that for every f G Wp y and 
t>0, 

TU{u)du + tU_^{MTjnu)du 
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b. If q = oo, then for every f G W^y + W^^ y and t > 

K{f,t,Wly,Wl^y) fT,J{u)du. 

Jo 

Theorem 7.5. Let G be as above, V G RHqioc, for some 1 < g < oo. Then, for 
1 < Pi < P < P2 < qo, y is a real interpolation space between W^^ y and W^^ y 
where go = sup {q g]1, oo] : G RHqioc}- 

Proof. Combine Theorem 17.41 and the reiteration theorem. □ 

Remark 7.6. ForV G A^, define the homogeneous Sobolev spaces W^y as the vector 
space of distributions f such that Xf and V f G Lp and equip this space with the norm 

\\f\\wl, = \\ \Xf\\l+\\Vf\\p 

and Wl^y as the space of all Lipschitz functions f on G with ||V^/||oo < oo. Theses 
spaces are Banach spaces. If G has polynomial growth, we obtain interpolation results 
analog to those of section 6. 

Examples: For examples of spaces on which our interpolation result applies see 
section 11 of [B]. 

Examples of RHq weights in M" for g < oo are the power weights 1x1"°" with — oo < 
a < - and positive polynomials for g = oo. We give an other example of RHq weights 
on a Riemannian manifold M: consider f,g& Li(M), 1 < r < oo and 1 < s < oo, 

then V{x) = {Mf{x)y^"~^^ G RH^ and W{x) = {Mg{x))^ G RHq for aU g < s ( 
g = s if s = oo) and hence V + W E RHq for all g < s ( g = s if s = oo) (see [1], [5] 
for details). 

8. Appendix 

Proof of Proposition 12.141 We follow the method of Davies [13]. Let L{f) = 
Loif) + Li(/) + L2(/) := l/rrf/i + \Vf\Pdp + iVfl^df^. We wiU prove the 
proposition in three steps: 

1. Let / G H^y. Fix po e M and let if G G^{R) satisfies <^ > 0, (p{a) = 1 if 

a < 1 and (p{a) = if a > 2. Then put fnix) = f{x)(p{ ^^^^°^ ). Elementary 
calculations establish that lies in H^y. Moreover, 

Lif-fn)=[ |/(x){l-y.(^^^)}W^) 

Jm n 
+ / |V/(a;){l-y.(^^^)}-n-V(x)^'(^^)V(d(a;,po))rrf/i(a:) 

+ / \vHx)f{x){l-v{^^^))Yd^Ji{x) 

< / \f{x){l-^i^^Wdt^{x) 
Jm n 

+ 2^-1/ |V/(a;){l-^(^^)}W^) + 2^"^n-^/ |/(x)n^'(^^^^)W^) 
Jm ^ Jm 

+ [ V^ix)\fixW\l-^i^^^Wdf^{x). 
Jm n 
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This converges to zero as n — > oo by the dominated convergence theorem. 
Thus the the set of functions / G H^ y with compact support is dense in Hp y. 
2. Let / G with compact support. Let n > and F„ : M — > M be a smooth 
increasing function such that 

s if — n < s < n, 
Kis) = {n + 1 ifs>n + 2, 

-n — 1 if s < —n — 2 

and < F^{s) < 1 for all s G M. If we put := Fn{f{x)) then < 

and lim„^oo /n(a^) = f{.x) for all x G M. The dominated convergence 
theorem yields 



limLo(/-/„)= lim / \f-QPdii = Q 

'm 



and 



Also 



lim L2(/ - /„) = lim / V^y-f^\Pdii = Q 

n— »oo n— >oo 

limLi(/-/0= lim / |V/-F^(/(x))V/rrfMa^) 

n— >oo n— »oo J^,^ 



lim / |l-i^^(/(x))nV/(a;)rrfM^) 
0. 



Therefore the set of bounded functions / G H^y with compact support is 



dense in H^ y. 



3. Let now / G H^y be bounded and with compact support. Consider locally 
finite coverings of M, {Uk)k, {Vk)k with Uk C V^, Vk being endowed with a 
real coordinate chart ipk- Let {(pk)k be a partition of unity subordinated to the 
covering {Uk)k, that is, for all k, ipk is a C°° function compactly supported in 
f^fc, < < 1 and YlT=i V^fe = 1- There exists a finite subset / of N such that 
/ = Zlfce/ /'^fc •= Y^kai fk- Take e > 0. The functions gk = fk° ipk^ -which 
belongs to (M") since / and |V/| G Lpioc- can be approximated by smooth 
functions Wk with compact support (standard approximation by convolution). 
The Wk are defined as Wk = Qk * ctk where ak G C^(M") is a standard moUifier, 
suppu;fc C^pkiVk) and \\gk - Wk\\wi ^ W- Define 



hk{x) 

Thus supp hk C Vk and 



Wk o ^Afcla;) if a; G Vk, 
otherwise. 



Wfk- hk\\p= i^j \fk-hk\^dixj =\\gk-Wk\\p<^. 
\yUk-hk)\\\p=(^j^ \yUk-hk)\^di^' = |||V((7,-./;,)lllp< ^• 



23 



Hence the series '}2k&iifk~hk) is convergent in W^. Moreover YlkeAfk^hk) = 

f -h, where h, = hk, and ||/ - h,\\wi < Ylk&i Wfk - hk\\w^ < e. 

If := 1/ — hf\P then hm^^o = and there exists a compact set K which 

contains the support of every l^. We have ||/ie||oo < tl-^||/||oo for all e > 0. 

Indeed 

\hk{x)\ = ^ \9kiy)\ak{i^k{x) - y)dy 
ksi kGi 

= / ^\f^k{^k\y))\^k{iJk{x) -y)dy 
< ll/lloo / ^ipki'^k\y))^ki'^kix) -y)dy 
<ll/llooX^ / Lpk{ipk\y)) ^kii^kix) - y)dy 

— \\J Woo 

kei 

<tt/||/lloo. 

It follows that ||/Joo < 2P-\l + \\I)\\f\\P^ = C\\f\\P^ {C being independent of e 
it depends just on /) for all e > 0. We claim that these facts suffice to deduce 
that lim^^o Jm hV^dfi = 0, that is 

limL2(/-g = 0. 

Hence is dense in Hp y. 
4. It remains to prove the above claim. Since V G RHpioc, there exists r > p such 
that V G RHrioc and therefore G Lt^ioc where t = ^ > 1. Hence, by Holder 
inequality we get 

0< / leVPdfi= I kV^dfi 
Jm Jk 

<\MLAK)\\Vn\L.^K) 

<C\\f\\ieV 

for all e > 0, t' being the conjugate exponent of t. The proof of Proposition 
12. 141 is therefore complete. 
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